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Fourier transform on ZN

Let f be a complex-valued function afy. Then its Fourier transform is

f(t)= % f ()W

wherew = exp(27ii /N). LetB; be the standard basis f@#“N consisting of vectordi(j) = & j. In
the standard basis the matrix for the Fourier transform is

1 1 1 1 1
1w w2 W w1
1w w? weooo wN—2
FTn = 1 w3 we wo e w3N-3
D D

wherei, j’'th entry of FTy isw'l.

C]assical fast Fourier transform

Straightforward multiplication of the vectdr by F Ty would takeQ(N?) steps because multipli-
cation of f by each row requiresl multiplications. However, there is an algorithm known ast fa
Fourier transform (FFT) that performs Fourier transforn®iNlogN) operations.

In our presentation of FFT we shall restrict ourselves tactseN = 2". Let B, be a basis fogZn
consisting of vectors

() = i j, ie{0,1,...,N/2—-1},
W= di-N+1j, 1€{N/2,N/2+1,... ,N—-1},

i.e., the vectors of the standard basis sorted by the lggsfisant bit. Then as a map froiy, to
B the Fourier transform has the matrix representation

bit # 2k 2k+1
,- ( Wik | w2k )

~ (FTnz WFTy
J+N/2 \ wAk [ w2k

o (FTN/Z —WJFTN/Z) '
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Figure 1: A circuit for classical fast Fourier transform

w2k | w2kl Vo \ _ (FTnovo+WFTy w1

W2Jk ’ WZJKWJ V1 o FTN/2V0 —w! FTN/2V]_ )
This representation gives a recursive algorithm for cotnguthe Fourier transform in timg(N) =
2T(N/2)+O(N) = O(NlogN). As a circuit the algorithm can be implemented as

Hence,

Quantum Fourier transform

Let N = 2". Suppose a quantum stadeon n qubits is given a§'j\‘;ol aj|j>. Let the Fourier

transform ofp beFTn|@) = 514 B;|j) where

ao Bo
a
Fin| F | = B !
ON-1 Bn-1

The mapFTy = \a} — \B> Is unitary (see the proof below), and is called the quantunriEo
transform (QFT). A natural question arises whether it caefieiently implemented quantumly.
The answer is that it can be implemented by circuit of €iZkg?N). However, this does not con-
stitute an exponential speed-up over the classical algoriecause the result of quantum Fourier
transform is a superposition of states which can be obsearetiany measurement can extract at
mostn = logN bits of information.

A quantum circuit for quantum Fourier transform is whBxeis the controlled phase shift by angle
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Figure 2: Circuit for quantum Fourier transform

2m/2X whose matrix is

100 0
010 O
Re=1o001 o
0 0 0 &

In the circuity above the quantum Fourier transformron 1 bits corresponds to two Fourier
transforms om — 1 bits in the figure 1. The controlled phase shifts corresgondultiplications
by w! in classical circuit. Finally, the Hadamard gate at the &gt corresponds to the summation.

Properties of Fourier transform

CSs

» FTy is unitary. Proof: the inner product of thiéh and j'th column of F Ty wherei # j is

1 1 1
= wkwik = = wk-ik — =
N VTN N 2

kEN kEN kEN

AW -1 1 11
N wi-1  Nw-i-1

whk
which is zero becaus& ! # 1 due toi # j. The norm ofi'th column is

1 wikyik = 1 1=1.
N N
kedn keldn

. FTN‘1 is FTy with w replaced byw 1. Proof: sinceFT is unitary we haveFN‘1 = FTy.
SinceF Ty is symmetric anav = w1, the result follows.

» Fourier transform sends translation into phase rotatmad, vice versa. More precisely, if
we let the translation b§ : [x) — [x+| (modN)) and rotation byF: |x) — w*|x), then
FTNRP = RT_kFTn. Proof: by linearity it suffices to prove this for a vector betform
). We have

1

FTNTIRX) = FTaw*|x+1  (modN)) = N

ka Wy(x+| ) ‘ y>

yeLn
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* Suppose | N. Let |@) =

and by making the substitution=y — k

\/_
= HT,kFTN} >.

¥ V=R ) — L
—=W w |y’ k> \/NHT—ky/;vaxy‘y,>

Corollary: FTy followed by Fourier sampling is equivalent TpF Ty followed by Fourier
sampling.

ZN/r l‘Jr> ThenFTy|g) = \/Z. 5|i%). Proof: the

amplitude of|i}) is

1 1 N/r—1 (P GN/) N/r 1
- er | l’ 1—_
VN /N/r ]ZO Z)

SinceF Ty is unitary, the norm oFTN](p> has to be equal to the norm hp} which is 1.
However the orthogonal projection Eer}fp> on the space spanned by vectors of the form
i) has norm 1. ThereforeTy|@) lies in that space.

If we apply the corollary above tbrp} we conclude that the result of Fourier sampling of
Ti|g) =~ s™5 | jr +1) is a random multiples dfi/r.
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